Abstract. The aim of this paper is to study the minimal number of singular fibres of some fibrations. For a given fibration f : S −→ P 1 , where S is a smooth projective surface of general type, it will be proved that f has at least 5 singular fibres and 5 is the best lower bound. If the Kodaira dimension kod(S) = 1, then all fibration f : S −→ P 1 of genus ≥ 2 has at least 4 singular fibres and 4 is also the best lower bound in this case. For any fibration f : X −→ P 1 , where X is a smooth minimal projective threefold of general type, it will be proved that f has at least 4 singular fibres. Finally, we give a positively partial answer to an open problem of Catanese and Schneider in the case of dimension ≥ 4.
Introduction
We always suppose the ground field be C, the Complex number field.
The motivation of this note comes both from a pioneer job of Beauville ([B1] ) and from the following question of Catanese and Schneider ([C-S] ), to which we shall give an exact answer in surface case as well as a positively partial one in higher dimensional case.
Question. Let X be a nonsingular projective variety of general type of dimension d and f : X −→ P 1 be a fibration, is it true that f has at least 3 singular fibres?
As far as we know, the history of studying of the above question is as follows.
For the case when d = 2, suppose f : S −→ P 1 be a non-isotrivial fibration of genus ≥ 2 (without the assumption that S be of general type),
(1) A. Beauville ([B1], 1981) proved that f has at least 3 singular fibres and he gave an example which shows that there is such a fibraton admitting exactly 3 singular fibres; (2) S. L. Tan ([T] , 1995) verified Beauville's conjecture and proved that f has at least 5 singular fibres if f is semi-stable, and he also gave an example which shows that this lower bound is exact; (3) S. J. Kovács ([K3] , 1998) proved that f has at least 5 singular fibres if K S is ample.
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(1) L. Migliorini ([M] , 1995) first considered this problem and proved that f has at least one singular fibres; (2) Kovács ([K2], 1997) proved that f has at least 3 singular fibres and he also showed that f has at least 4 singular fibres if K X is ample.
For the case when d ≥ 4, suppose f : X −→ P 1 be a fibration, where we suppose K X be a nef and big divisor,
(1) Kovács ([K1], 1996) proved that f has at least 1 singular fibre;
(2) Kovács ([K3] , 1998) proved that f has at least 3 singular fibres if K X is ample.
Since, in Beauville's example ( [B1] ), the total space is not of general type, it is still quite interesting what the minimal number of singular fibres of the fibration f :
where S is of general type. In this paper, we consider this problem and prove the following theorems.
Theorem 1. Let f : S −→ P 1 be a fibration where S is a nonsingular projective surface.
(1) if S is a surface of general type, then f has at least 5 singular fibres.
(2) suppose the Kodaira dimension kod(S) = 1 and if f is a fibration of genus ≥ 2, then f has at least 4 singular fibres.
Remark. Taking an alteration to Tan's example ( [T] ) will give a fibration with only 5 singular fibres and that the total space is of general type (see Example 3.1). So the lower bound in (1) above is exact. We will construct a fibration with only 4 singular fibres (see Example 3.2), which satisfies the condition of (2). Thus the lower bound in (2) above is also exact.
Theorem 2. Let X be a nonsingular projective threefold with a nef and big canonical divisor K X and f : X −→ P 1 be a fibration, then f has at least 4 singular fibres.
Theorem 3. Let X be a nonsingular projective variety of dimension d ≥ 4 and f : X −→ P 1 be a fibration. If there exists an ample divisor D ≤ K X/P 1 (e.g. if K X is ample or if K X/P 1 is ample), then f has at least 3 singular fibres.
Naturally, one might hope to obtain better lower bound of the number of singular fibres by improving known techniques. If a fibration admits more than 3 singular fibres, covering trick fails to be effective to deal with this situation, since that will increase the number of singular fibres. In the proof of our theorems, we first weaken the conditions of Kovács's vanishing lemma, then try to find a suitable line bundle L on the total space such that L is a sub-bundle of the canonical bundle and L satisfies those conditions in the vanishing lemma, and finally this leads to a contradiction to the non-vanishing property of the top cohomology group of the canonical bundle. Thanks to good behavior of pluricanonical bundles on surfaces, we get the optimal lower bounds.
Definition. We mean an isotrivial fibration, according to Beauville ([B1] ), by a fibration f : X −→ C, where X is a smooth variety and C is a smooth curve, on which every smooth fibres are pairwise isomorphic.
On a smooth projective variety 
The key lemma
In order to prove our theorems, we first build a key vanishing lemma which is a generalized version of the one appeared in [K2].
Lemma 2.1. Let f : Y −→ C be a morphism from a nonsingular projective variety of dimension d to a nonsingular projective curve C. Let ∆ ⊂ C be the set of points over which f is not smooth and assume that D := f * (∆) has supports with only normal crossings. Let π : Y −→ X be a morphism to a projective variety X and g : X −→ C another morphism
be a line bundle on Y such that there exists an ample line bundle A on X and a positive
Proof. Considering the following exact sequence with respect to the exterior powers of the sheaves of logarithmic differentials for all p = 0, . . . , d − 1
is always ample, since either g
.7]), we have
for p > 0. Thus the map
is injective for p > 0. Taking the composition of these injective maps, we obtain the injective
The Kawamata-Viehweg vanishing tells that
and this is what we want to prove by the Serre duality.
The proof of theorems
Theorem 3.1. Let f : S −→ P 1 be a fibration where S is a nonsingular projective surface.
(2) suppose the Kodaira dimension kod(S) = 1 and let φ : S −→ S 0 be the contraction onto the minimal model and let F be a general fibre of f , if φ * (K S 0 ) + F is big, then f has at least 4 singular fibres.
Proof.
(1) First we suppose φ : S −→ S 0 be the contraction onto the minimal model S 0 , then φ * (K S 0 ) is nef and big, φ * (K S 0 ) ≤ K S and the linear system |mφ * (K S 0 )| will be free from
, where F is a general fibre of f . Since F is also moving, we can see that |L m | is base point free for sufficiently large integer m.
Thus there is a morphism π : S −→ S from S to a projective surface S for large m, an ample line bundle A on S such that L m = π * (A), moreover a curve C ⊂ S is contracted by π if and only if L · C = 0. Such a curve C should be vertical with respect to the fibration f , i.e.
C is contained in fibres of f . Otherwise we always have F · C > 0 and then L · C > 0. Take a sufficiently large m, we can even suppose that π is a birational morphism. Note that any two curves in different fibres of f cannot be contracted to the same point since π has connected fibres, thus we see that f factors through π and then there is a morphism g :
Take a resolution π 1 : S 1 −→ S such that S 1 is also nonsingular and that the divisor D 1 := (f • π 1 ) * (∆) has supports with only normal crossings. Set
we have the following commutative diagram:
s are the exceptional divisors and a i > 0 for all i. On the surface S 1 , we set L := π * 1 (L). We want to show that H 2 (S 1 , L ⊗ f * 1 ω P 1 ) = 0 by Lemma 2.1. We set δ := #∆. We have to check the property for L p . We have
is nef and big according to our assumption when δ ≤ 4. Therefore Lemma 2.1 tells that
obtain H 2 (S 1 , K S 1 ) = 0 when δ ≤ 4, a contradiction. Thus we should have δ ≥ 5.
(2) We use a parallel argument as above. Under our assumption, φ * (K S 0 ) + F is a nef and big divisor and so is φ * (K S 0 ) + 2F . Keep the same notations as in (1) 
is nef and big when δ ≤ 3. Thus Lemma 2.1 gives
Theorem 3.1(2) obviously implies Corollary 3.1. Let f : S −→ P 1 be a fibration of genus ≥ 2, where S is a smooth projective surface with the Kodaira dimension kod(S) = 1, then f has at least 4 singular fibres.
Proof. We have φ
is an irreducible curve with geometric genus ≥ 2. Since S 0 is a minimal elliptic surface, there is a canonical elliptic fibration h : S 0 −→ C which is determined by the stable pluricanonical map. For a general F , φ(F ) can not be contained in any fibre of h. Thus F 0 · φ(F ) > 0. On the other hand, we have K S 0 ∼ num αF 0 for a rational number α. Therefore
Theorem 3.1 and Corollary 3.1 imply Theorem 1.
Example 3.1. We modify Tan's construction to give a fibration from a surface of general type to P 1 with exactly 5 singular fibres.
Denote P := P 1 × P 1 , let α : P −→ P 1 be the first projection and β : P −→ P 1 be the second one. Suppose we have two morphisms φ and ψ from P 1 to P 1 with deg φ + deg ψ = 6
and assume that there exists a subset R = {p 1 , · · · , p 5 } ⊂ P 1 such that
(1) the branched points of φ and ψ are contained in R and the ramification points of them are of index 2.
consists of nonramified points of φ and ψ, and if p ∈ R, then
The existence for φ and ψ is confirmed by virtue of section 4 of [T] . Now denote by Γ φ and Γ ψ the graphs of φ and ψ in P , respectively. Let F i := β −1 (p i ) for i = 1, 2, 3, 4 and take B := Γ φ + Γ ψ + F 1 + F 2 + F 3 + F 4 , then B is an effective even divisor of degree (6, 6) in P . Let π : −→ P be a double cover branched along B and let S be the canonical resolution of the singularities of . Then β induces a fibration of genus 2 from S to P 1 with 5 singular fibres and S is a surface of general type, since K P + (3, 3) is ample in P 1 × P 1 .
Example 3.2. To support our Theorem 1(2), we give an example which is an isotrivial fibration of genus 3 admitting exactly 4 singular fibres. The construction is due to Beauville ([B2] ).
Take a smooth curve C of genus two and let η be a 2-torsion divisor on C, i.e. η ∼ lin 0 but 2η ∼ lin 0. Denote S 0 := P 1 × C and p 1 : S 0 −→ P 1 , p 2 : S 0 −→ C are two projection maps. Let F 0 be a fibre of p 1 and set δ := 2F 0 + p * 2 (η). Take R be 4 disjoint fibres of p 1 , then (R, δ) determines a smooth double cover ψ : S −→ S 0 . Let f := p 1 • ψ, we have the following commutative diagram:
It is easy to see that f is a fibration of genus 3 and f has exactly 4 multiple fibres. S is a minimal surface. Let F be a general fibre of f , then K S + F ∼ lin ψ * p * 2 (K C + η) + F 0 is nef and big.
Theorem 3.2. Let X be a nonsingular projective threefold of general type with a minimal model of canonical index one and f : X −→ P 1 be a fibration, suppose the natural contraction map φ : X −→ X 0 onto the canonical model X 0 is a morphism, then f has at least 4 singular fibres.
Proof. By assumption, X is a nonsingular threefold of general type with canonical index one. Let φ : X −→ X 0 be the contraction onto the canonical model X 0 , then φ * (K X 0 ) is a nef and big Cartier divisor, φ * (K X 0 ) ≤ K X and the linear system |mφ * (K X 0 )| is base point free for large m. Let F be a general fibre of the fibration f :
we know that f has at least 3 singular fibres. Set δ = #∆ and suppose δ ≥ 3. With the same reason, we can see that |m(φ
Choose a sufficiently large m, we can get a birational morphism
, and any curve C ⊂ X is contracted by π if and only if L · C = 0. It is obvious that such a curve C should be contained in a fibre of f . Now suppose E be an exceptional prime divisor on X which is contracted by π. If π(E) is a set-theoretical point, then E must be contained in a fibre and thus in a singular fibre. Otherwise there is a horizontal curve on X which is contracted by π, which is impossible. Therefore we see that if E is not contained in a fibre, then π(E) should be a curve. Given two arbitrary fibres F 1 and F 2 , denote C 1 := F 1 ∩ E and C 2 := F 2 ∩ E, we see that π maps C 1 and C 2 to different points because π has connected fibres. Thus there exists a new fibration g : X −→ P 1 such that
On the other hand, we have proved that dim π
Now take a resolution π 1 : X 1 −→ X such that X 1 is nonsingular and that (f • π 1 ) −1 (∆) has supports with only normal crossings. Set f 1 := f • π 1 , we have the following commutative diagram:
, where E ′ i s are the exceptional divisors and a i > 0 for all i. Note that the modification π 1 takes place on singular fibres of f , we still have
Lemma 2.1, we have to check for the property of L p for p = 0, 1, 2. We have
is nef and big when δ = 3. Thus we have H 3 (X 1 , L ⊗ f * 1 ω P 1 ) = 0 when δ = 3 and then
This shows that δ ≥ 4.
Actually, we have proved a slightly more general form of Theorem 3.2.
Theorem 3.2'. Let X be a nonsingular projective threefold and f : X −→ P 1 be a fibration.
Suppose there exists a divisor D ≤ K X such that D is big and |mD| is base point free for sufficiently large integer m, then f has at least 4 singular fibres.
We obviously have the following Corollary 3.2. Let X be a nonsingular projective threefold with nef and big canonical divisor K X and suppose f : X −→ P 1 be a fibration, then f has at least 4 singular fibres.
For a fibration where the total space is not of general type, it seems the situation is more complicated. I. Bauer ever constructed a family of surfaces of general type admitting exactly 2 singular fibres ([K3]), which is non-isotrivial (i.e. the smooth fibres are not pairwise isomorphic). Taking a similar argument to the one in the proof of Theorem 3.2, we have a partial result like the following Corollary 3.3. Let X be a nonsingular projective threefold and f : X −→ P 1 be a fibration, F be a general fibre of f . Suppose there is a divisor D ≤ K X such that |mD| is base point free for large integer m and that D + F is big, then f has at least 3 singular fibres.
Proof. Denote L := O X (D + 2F ). By assumption, we can see that |L m | will be base point free for large m. So there exist a birational morphism π : X −→ X, an ample line bundle A on X such that L m = π * (A). With the same reason, f factors through π, i.e. f = g •π where g : X −→ P 1 is a new fibration. Take a resolution π 1 : X 1 −→ X such that (f • π 1 ) * (∆)
has supports with only normal crossings. Let L = π * 1 (L), then L p satisfy the conditions of Lemma 2.1 for δ ≤ 2, p = 0, 1, 2. So we have H 3 (X 1 , K X 1 ) = 0 when δ ≤ 2, a contradiction.
Thus f has at least 3 singular fibres.
Example 3.3. The lower bound in Corollary 3.3 is also sharp. One can easily construct an isotrivial fibration admitting 3 singular fibres by a similar method to the one in Example 3.2 through triple cover. And this fibration satisfies the condition in Corollary 3.3. Take a smooth minimal surface S of general type with p g = q = 0 and suppose there exists a torsion element η ∈ P ic 0 (S) such that η ∼ lin 0, 2η ∼ lin 0 but 3η ∼ lin 0 (one can refer to [R] for the existence of this kind of surface). Denote X 0 := P 1 × S and p 1 : X 0 −→ P 1 , p 2 : X 0 −→ S are two projection maps. Let F 0 be a fibre of p 1 and set δ := F 0 + p * 2 (η). Take R be 3 disjoint fibres of p 1 , then (R, δ) determines a smooth triple cover ψ : X −→ X 0 . Let f := p 1 • ψ, we have the following commutative diagram:
It is easy to see that f has 3 singular fibres, X is minimal, not of general type and that K X + F is nef and big.
Proof of Theorem 3. Take a resolution π 1 : X 1 −→ X such that (f • π 1 ) * (∆) has supports with only normal crossings. Denote L := π * 1 O X (D) and set δ := #∆. On X 1 , L satisfies the condition of Lemma 2.1 when δ ≤ 2. Which derives H d (X 1 , K X 1 ) = 0, a contradiction.
